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APPLICATIONS OF SELF-SIMILAR SOLUTIONS FOR BOUNDARY 

LAYER LINEARIZATION EQUATIONS 

A. Sh. Dorfman 
and 

V .  K. Vishnevskiy 

Abs t r ac t .  I n  e a r l i e r  s t u d i e s  one of t he  au tho r s  proposed a  
method f o r  computing a  laminar boundary l aye r  based on t h e  
j o i n t  s o l u t i o n  of an equat ion  of motion, l i n e a r i z e d  using 
some one-parameter family of p r o f i l e s ,  and an in t eg ra l  r e l a -  
t i o n .  This new paper g ives  a  s o l u t i o n  of t h e  problem of a  
laminar boundary l aye r  w i t h  an a r b i t r a r y  v e l o c i t y  d i s t r i b u -  
t i o n  a t  t he  l aye r  boundary. 

I n  11-31 one of t h e  au thors  proposed a  method f o r  computing t h e  laminar  

boundary l a y e r ,  based on j o i n t  s o l u t i o n  of t h e  equat ion  of  motion, l i n e a r i z e d  

us ing  some one-parameter fami ly  p r o f i l e s ,  and t h e  i n t e g r a l  r e l a t i o n .  This  

approach, c o n s t i t u t i n g  even tua l ly  a  combination of t h e  i n t e g r a l  computation 

method and t h e  l i n e a r i z a t i o n  method, makes i t  p o s s i b l e  t o  apply t h e  advantages 
- - - - - - .- -- - - - 

of  each of  t h e s e  methods. In  p a r t i c u l a r ,  due t o  t h e  s imultaneous s a t i s f a c t i o n  

o f  t h e  l i n e a r i z e d  equat ion  and t h e  i n t e g r a l  r e l a t i o n  i t  i s  p o s s i b l e  t o  o b t a i n  
-. 

a h igh  computation accuracy.  

- In a d d i t i o n ,  t h e  u s e  of a one-parameter s e t  o f  p r o f i l e s  makes i t  p o s s i b l e  

' t o  d i spense  wi th  a  two-layer model of t h e  l a y e r  u s u a l l y  employed dur ing  

l i n e a r i z a t i o n  [4] and [ l o ] .  This  cons iderably  s i m p l i f i e s  computation, s o  t h a t  

they  a r e  v i r t u a l l y  a s  s imple a s  computations based on i n t e g r a l  methods. How- 

ever ,  i n  c o n t r a s t  t o  t h e  l a t t e r ,  t h e  proposed method makes it p o s s i b l e  t o  

determine n o t  only t h e  fundamental c h a r a c t e r i s t i c s  of t h e  l a y e r ,  bu t  a l s o  t h e  

d i s t r i b u t i o n  of parameters  ac ros s  t h e  l a y e r .  In  t h i s  s ense  it i s  cons iderably  

c l o s e r  t han  o t h e r  approximate methods t o  t h e  method of  so lv ing  p r e c i s e  equa- 

t i o n s  i n  s e r i e s  [6, 81 . I n  a d d i t i o n ,  l i n e a r i z a t i o n  o f  equat ions cons iderably  

s i m p l i f i e s  t h e  problem and makes it p o s s i b l e  t o  u se  well-developed mathemati- 

c a l  approaches. 

"Numbers i n  t h e  margin i n d i a t e .  pagina t ion  i n  t h e  f o r e i g n  t e x t .  



Thi s  paper  g i v e s  a  s o l u t i o n  of t h e  problem f o r  a  laminar boundary l a y e r  

w i th  an a r b i t r a r y  d i s t r i b u t i o n  of t h e  v e l o c i t i e s  a t  t h e  l a y e r  boundary. 

1 Linearization of t h e  Equation 

We w i l l  w r i t e  t h e  Prandtl-Mises equat ion ,  

Here a l l  t h e  parameters  a r e  dimensionless  and r e l a t e d :  v e l o c i t i e s  U and u 

i n  t h e  boundary l a y e r  and o u t s i d e  t h e  l a y e r  a r e  r e l a t e d  t o  t h e  v e l o c i t y  Urn 

d i s t a n t  from t h e  body; t h e  coord ina tes  x  and y  a r e  r e l a t e d  t o  t h e  c h a r a c t e r i s -  

t i c  dimension L and t h e  parameter m; t h e  s t ream func t ion  $ is  r e l a t e d  t o  

k m  (v is t h e  kinematic  v i s c o s i t y  c o e f f i c i e n t ) .  

In t roducing  t h e  new v a r i a b l e s  

i n  p l a c e  o f  express ion  (1.1) we f i n d  

87 2~1) -2 - az rr a2z ql - - - - -=o.  acr) drp uav2 

For l i n e a r i z i n g  t h i s  equat ion  we u s e  s e l f - s i m i l a r  s o l u t i o n s  obtained f o r  U = 
m 

= cm , a s  i n  [ Z ] .  Using t h e  n o t a t i o n  (u/U) s e l f  
= a($, B), where B = 2m/(m + 1)  

i s  a  parameter  i n  t h e  s e l f - s i m i l a r  s o l u t i o n s  [S],  we w r i t e  t h e  fo l lowing  

l i n e a r  equat ion  : 



For f i n d i n g  t h e  f3 parameter  we w r i t e  an i n t e g r a l  express ion .  I n t e g r a t i n g  

equat ion  (1 .3)  and (1.4)  ac ros s  t h e  layer  and s u b t r a c t i n g  t h e  second from t h e  

f i r s t ,  we o b t a i n  

J o i n t  s o l u t i o n  of equat ions  (1.4) and (1.6) determines t h e  p r o f i l e  of ve lo-  

c i t i e s  i n  t h e  boundary l a y e r .  

I t  is  check t h a t  t h e  s o l u t i o n  of l i n e a r  equat ion  (1.4) can b e  r ep re sen ted  

by a  s e r i e s  

where 

a r e  known f u n c t i o n s  of x, whereas t h e  A c o e f f i c i e n t s  a r e  dependent on ly  on k 
4 and f3 parameter  and can be  t a b u l a t e d  by i n t e g r a t i n g  t h e  equat ions  

. . . - .  
u ( 9 , P ) A k  + 9 A k - - 2 k A k  = 2Ak-1; A,(()) = l ; ' A k ( 0 )  = Ak (cc) = 0, (1.9) 

ob ta ined  by s u b s t i t u t i n g  t h e  s e r i e s  (1.7) i n t o  equat ion  (1 .4 ) .  Here and below 

t h e  prime denotes  d i f f e r e n t i a t i o n  f o r  t h e  v a r i a b l e  Q and t h e  do t  denotes  

d i f f e r e n t i a t i o n  f o r  4 .  

Using t h e  s e r i e s  (1 .7)  we f i n d  t h e  f r i c t i o n a l  s t r e s s  on t h e  wal l .  Rela t -  

ing  it t o  t h e  parameter  p q ,  we w i l l  have 



The c o e f f i c i e n t s  ak  = B )  a r e  dependent on ly  on 6  and a l s o  can be  

t a b u l a t e d .  

22. In t eg ra t ion  o f  Equations (1.9)  

I t  i s  convenient  t o  f i n d  t h e  func t ions  Ak (4,  6) i n  t h e  form of sums 

making it p o s s i b l e  t o  r e p l a c e  t h e  inhomogeneous equat ions  (1.9) by homogeneous 

equat ions  [2] 

When i # 0 equat ion (2.2)  has a  s i n g u l a r i t y  on t h e  wa l l  (4 = 0) which is  

c h a r a c t e r i s t i c  of t h e  Prandt l-Mises equat ion [9] .  Accordingly, numerical 

i n t e g r a t i o n  of (2.2) i s  p o s s i b l e  only beginning wi th  sum 4 > 0 .  The s o l u t i o n  

can b e  r ep re sen ted  i n  t h e  form of a  s e r i e s  nea r  t h e  wa l l .  Using s e l f - s i m i l a r  

s o l u t i o n s  153, t h e  v a r i a b l e  4 near  t h e  wa l l  is  w r i t t e n  i n  t h e  form of  a  s e r i e s  

The v a r i a b l e  i n  t h e  s e l f - s i m i l a r  s o l u t i o n s  i s  a s  fo l lows:  

The bn va lues  a r e  expressed through t h e  parameter 6  and t h e  c o e f f i c i e n t  b  = 
2 

= 1 d2$ , determining f r i c t i o n  on t h e  wa l l  i n  s e l f - s i m i l a r  s o l u t i o n s  
? ( W ) ~ = O  -. 

4 9 4 b, = - pi3 !; b, - 0; bj L - bi (?$ - 1); by = 3 b$ (2 - 3F); 
5! 



The b  va lues  a r e  given i n  t a b l e s  as func t ions  of 8., f o r  example, i n  t h e  
2  

monograph [ 5 ]  . 
I 

Using t h e  express ion  (2.3) nea r  t h e  wa l l ,  t h e  s e l f - s i m i l a r  v e l o c i t y  d i s -  

t r i b u t i o n  is w r i t t e n  i n  t h e  form of  a  s e r i e s  

whose c o e f f i c i e n t s  a r e  r e l a t e d  t o  b  by t h e  equat ions  n  

h e r e  

2 2 .rnl = b,; 2nzltn, = b,; m2 -t 2m,m3 = 6,; ... 

The expansion of (2 .4)  makes it p o s s i b l e  t o  r e p r e s e n t  t h e  s o l u t i o n  of  

equat ion  (2.2) i n  t h e  form of gene ra l i zed  power s e r i e s  

The s u b s t i t u t i o n  of t h e s e  s e r i e s  i n t o  equat ion  (2.2)  g ives  r e c u r r e n t  formulas /93 - 
f o r  t h e  c o e f f i c i e n t  rin, R i n  

Equat ions (2.7)  make i t  p o s s i b l e  t o  f i n d  t h e  q  and pi va lues  f o r  some 
i 

(I c l o s e  t o  ze ro .  Using t h e s e  a s  t h e  i n i t i a l  va lues ,  by numerical i n t e g r a t i o n  



o f  equat ion  (2.2)  we f i n d  t h e  qi and p func t ions  f o r  4 and 6. Then, 
i 

us ing  equat ions  ( 2 . 6 ) ,  we determine t h e  cons t an t s  c t h e  func t ions  f i ,  and 
i ' 

f i n a l l y ,  t h e  c o e f f i c i e n t s  of t h e  s e r i e s  (1.7) and (1.10) necessary  f o r  com- 

pu t ing  t h e  v e l o c i t y  p r o f i l e s  and wal l  f r i c t i o n a l  s t r e s s .  In  t h i s  c a s e  Ak 

va lues  a r e  determined us ing  equat ion  (2.1) and t h e  a c o e f f i c i e n t s  a r e  found 
k 

us ing  t h e  formula 

i=k 

ak = - 2-3/2 llp (0 01 _ 2-312 7 (- 
st' - 

I)"+' 
- lJ &-I)! i! 

which is  de r ived  a f t e r  d i f f e r e n t i a t i o n  of (2.1)  and s u b s t i t u t i o n  of  t h e  f .  (0) 
1 

va lue  found us ing  express ion  (2.6) o r  (2 .7)  . 
The r e s u l t s  of  t h e s e  computations a r e  g iven  i n  Tables  1 and 2 and i n  

F igures  1 and 2 .  I t  can b e  seen  t h a t  t h e  A and a va lues  r a p i d l y  dec rease  
I k k 

with  an i n c r e a s e  i n  no. and have r e l a t i v e l y  l i t t l e  dependence on 6 ( t h e  s o l i d  

- c u r v e s  i n  F igure  1 apply f o r  6 = -0 .16) .  In  computations of  v e l o c i t y  p r o f i l e s  

and wa l l  f r i c t i o n a l  s t r e s s ,  t h i s  makes it p o s s i b l e  t o  l i m i t  ou r se lves  i n  t h e  

s e r i e s  (1.7) and (1.10) t o  t h e  f i r s t  few terms. 

F i g u r e  1 .  F igu re  2. 



TABLE 1 .  /94 - 

TABLE 2.  

Tr. Note: conimas in tables indicate decimal points. 

83 .  Determining the B Parameter. 
4 

In con~puting 6 we turn to the integral relation (1.61, which gives the 

condition for equality to zero for the total error arising during substitution 



of  t h e  s e l f - s i m i l a r  v e l o c i t y  d i s t r i b u t i o n  a($, B) i n t o  equat ion (1.3)  i n  

p l a c e  of t h e  a c t u a l  v e l o c i t y  d i s t r i b u t i o n  u/U. S ince  t h e  s o l u t i o n  (1.7) 
2 

determines t h e  parameter  Z,  dependent on (u/U) , f o r  s imp l i fy ing  t h e  coml~llta- 

t i o n s '  i t  i s  convenient t o  r e p l a c e  t h i s  cond i t i on  by t h e  fo l lowing:  

This  s u b s t i t u t i o n  of one i n t e g r a l  cond i t i on  by t h e  o t h e r  has  l i t t l e  /94 - 
e f f e c t  on t h e  f i n a l  computation r e s u l t s .  Equation (3 .1 ) ,  wi th  t h e  a i d  of  

(1 .7) ,  i s  reduced t o  t h e  form 

The D c o e f f i c i e n t s  a r e  dependent only on 6 k 

The Dk(B) va lues  a r e  g iven  i n  Table  2 .  We f i n d  t h a t  t h e  Dk = Dk(DO) curves  /95 
a r e  c l o s e  t o  l i n e a r .  Taking t h i s  i n t o  account ,  and so lv ing  (3.2)  f o r  D we 

0' 
o b t a i n  

Here t h e  coe f f i c i - en t s  on S 
1 ' S 2 ,  Sg, S4, p r e s e n t  i n  t h e  denominator without  

pa ren theses ,  p e r t a i n  t o  p o s i t i v e  D (or  B) va lues ,  whereas t h o s e  i n  parenthe-  
0 

s e s  apply  t o  nega t ive  Do ( o r  8 ) .  

Knowing D it i s  easy t o  determine t h e  6 parameter ,  unambiguously 
0 ' 

r e l a t e d  t o  i t .  However, i n  co&uta t ions  i t  is  p o s s i b l e  t o  u s e  D i n  p l a c e  of 
0 

f3 a s  a parameter .  



54. Transformation in t h e  Plane x, y and Determinat ion,of  C h a r a c t e r i s t i c  
Thicknesses 

The s e r i e s  (1.7)  g ives  t h e  v e l o c i t y  d i s t r i b u t i o n  i n  t h e  p l ane  x,  4 .  

Transformation t o  t h e  a c t u a l  p l ane  x ,  y i s  by u s e  of t h e  t h i r d  equat ion  (1.1) 

Where 4 -+ 0, u/U -+ 0 and t h e  in t eg rand  i n c r e a s e s  wi thout  l i m i t .  

In t h e  expansion (2 .7 ) ,  l i m i t i n g  ou r se lves  t o  t h e  f i r s t  term, t h e  

v e l o c i t y  d i s t r i b u t i o n  (1.7)  nea r  t h e  wa l l  (4 = 0) can be  r ep re sen ted  i n  t h e  

form - 

-where  t h e  a va lues  a r e  determined us ing  equat ion  (2 .8 ) .  
k 

Using express ions  (4 .2 )  and (1. l o ) ,  we r e p r e s e n t  (4.1) i n  t h e  form 

Here + i s  some 4 v a l u e  s u f f i c i e n t l y  c l o s e  t o  zero;  5 i s  t h e  i n t e g r a t i o n  
0 

v a r i a b l e .  

The expulsion th i ckness  6*, momentum l o s s e s  6** and energy l o s s e s  6*** 

a r e  



They can b e  determined by numerical i n t e g r a t i o n  us ing  t h e  known v e l o c i t y  d i s -  

t r i b u t i o n  i n  t h e  l a y e r .  However, i t  is p o s s i b l e  t o  cor~lpute t h e  th i cknesses  

more s imply wi thout  r ecour se  t o  t h e  v e l o c i t y  d i s t r i b u t i o n s  i n  t h e  l a y e r .  The 

express ion  f o r  6***; us ing  equat ion  (3.T), is  reduced t o  t h e  form 

S ince  t h e  dependence I = I(D ) i s  c l o s e  t o  l i n e a r ,  f o r  6***, we o b t a i n  t h e  
0 - / 9 6  

formula . 

The o t h e r  two parameters  a r e  determined us ing  t h e  form parameters  

&*** 
unambiguously r e l a t e d  (Figure 3) t o  t h e  form parameter  5 = T - , whose - - - 

va lue  is  computed from a l r eady  known T and 6***. 
W 

55. Computation Examples 

On a p r a c t i c a l  b a s i s  t h e  computa- 

t i o n s  a r e  made i n  t h e  fo l lowing  way. 

Using t h e  s t i p u l a t e d  v e l o c i t y  d i s t r i b u -  

t i o n  i n  p o t e n t i a l  flow U(x), we f i n d  

@ ( x ) ,  Sk, Do.  Then we determine t h e  ak 

c o e f f i c i e n t s  (Figure 2 ) ,  wall f r i c t i o n a l  

s t r e s s  T and th i ckness  o f  energy l o s s  
W' 

6""". Using &own H* and H ,  which a r e  t a -  

Figure 3 .  ken from Figure 3 a s  a  func t ion  of t h e  form 

parameter  5, we compute 6** and 6*. The 

Ak ($) (as  a  func t ion  of D ) from Table 1 a r e  used f o r  computing t h e  v e l o c i t y  0 
d i s t r i b u t i o n  us ing  formula (1 .7 ) .  



Since  A va lues  have a r e l a t i v e l y  weak dependence on Do (on B ) ,  f o r  k 
t h o s e  va lues  D which do no t  co inc ide  wi th  those  g iven  i n  Table 1, t h e  va lues  

0 
of  t h e  A c o e f f i c i e n t s  can  be  found by l i n e a r  i n t e r p o l a t i o n .  k 

Now we w i l l  g i v e  computatiorls of  t h e  boundary l a y e r  on a round c y l i n d e r .  

In  t h i s  c a s e  t h e  v e l o c i t y  d i s t r i b u t i o n  i n  t h e  p o t e n t i a l  flow i s  r ep resen ted  

by a s i n e  curve U = s i n  x.  I n  accordance wi th  formula (1.2)  and (1.8) we 

f i n d  
- .  .r x udx = 2 sin2 - ; So = L/" -; 2@ - 

2 
0 

S, = 61 ( ~ 2 ) '  = 26) - 2~112; S2 = @' (LIT = - 2cD" sS, = ... = Sk = 0. 

Using t h e  dependence (3 .3 ) ,  we f i n d  

.DO== 0,62 - 0,420 0,2 i- 0,42 cos x 
2,092 - 1,038CD ' 1,054 + 1,038 COG ' 

And us ing  Figure  2 ,  we f i n d  t h e  a a and a va lues .  Taking express ion  (1.10) 
0' 1 2 

i n t o  account ,  we compute t h e  w a l l  f r i c t i o n a l  s t r e s s  

f(', - K ,  sin2 -- ; 2 

- - 

" 
KO = 2 vs (a0 + aI): K I  - 2 i / i  (a, ; 2a, + 2 a ~ .  

For t h i s  ca se ,  t h e  noted I ,  t h e  r e s u l t s  of t h e  computations (curve 2 ) ,  i n  

F igure  4 a r e  compared wi th  d a t a  obta ined  i n  [ l l ]  by numerical i n t e g r a t i o n  of  

boundary-layer equat ions  (curve 1 ) .  

This  same f i g u r e  shows a comparison of 

d a t a  found by numerical i n t e g r a t i o n  [7] 

w i th  computations made on t h e  b a s i s  of -- 

formula (1.10) f o r  c a s e  11, when t h e  

v e l o c i t y  and t h e  p o t e n t i a l  flow changes 

l i n e a r l y  (U = d - d lx ) .  
0 

44 48 W 16 2.0 x (I)  

Figure 4. 



I n  a d d i t i o n ,  a s  a comparison, F igure  4 shows t h e  r e s u l t s  of  computations - /97 

by t h e  one-parameter method (curve  3 ) .  I t  can be  seen  t h a t  t h e  f r i c t i o n a l  

. s t r e s s  determined us ing  formula (1.10) co inc ides  v i r t u a l l y  completely wi th  

t h e  va lue  determined by numerical i n t e g r a t i o n  i n  a l l  ca ses  o t h e r  than  f o r  a 

smal l  r eg ion  n e a r  t h e  break ,  where t h e  s o l u t i o n  of even p r e c i s e  equat ions  i n  

s e r i e s  d e v i a t i o n s  o f  t h e  same magnitude [ 6 ] .  

Figure  5 g i v e s  a comparison of  v e l o c i t y  p r o f i l e  (denoted by smal l  c r o s s e s )  

i n  t h e  boundary l a y e r  on. a c y l i n d e r  computed us ing  formulas (1.7) and (4.3) 

and p r o f i l e s  ( s o l i d  curve) cons t ruc t ed  by mean of  numerical i n t e g r a t i o n .  I n  

t h i s  f i g u r e  a s  w e l l  t h e  r e s u l t s  co inc ide ,  o t h e r  than  f o r  t h e  p r o f i l e s  a t  t h e  

breakaway p o i n t .  

Figure 5 .  
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